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Abstract—In this paper, the non-Fourier effect in a slab subjected to a periodic thermal disturbance is

investigated by deriving the analytical solution of the hyperbolic heat conduction equation. The temperature

profiles at the front and rear surfaces of the slab are calculated for various relaxation time. By comparing

the results with those obtained from the Fourier parabolic heat conduction equation, a transition condition

between the ‘parabolic’ and ‘hyperbolic’ behavior at both surfaces is obtained. The phase and amplitude

difference between the front and the rear surface is calculated numerically as a function of the relaxation
Fourier number and the results are shown graphically.

INTRODUCTION

The non-Fourier effect becomes more and more
attractive in practical engineering problems because
the use of heat sources such as laser and microwave
with extremely short duration or very high frequency
has found numerous applications for purposes such
as surface melting of metal [1] and sintering of cer-
amics [2]. In such situations, the classical Fourier’s
heat diffusion theory will become inaccurate.

Theoretically, the Fourier’s heat-conduction equa-
tion leads to the solutions exhibiting infinite propa-
gation speed of thermal signals. In order to eliminate
this paradox, Cattaneo [3] and Vernotte [4] inde-
pendently postulated a time-dependent relaxation
model for the heat flux in solids:

0
q=—4VT-174 M

where ¢ is the heat-flux, T is the temperature, 4 is the
thermal conductivity and 7, is the relaxation time.
Equation (1) and the conservation equation of energy
lead to a description of an unsteady temperature pro-
file in the form of the hyperbolic equation
or T

avV:T = E—f-ro v )
where a is the thermal diffusivity, \/(a/z,) is the propa-
gation speed of temperature wave.

Various solutions of the hyperbolic heat conduction
equation for finite medium under different initial and
boundary conditions can be found in literature, which
are listed as following: (1) in 1972, Taitel gave an
analytical solution for a thin layer subjected to a step

1 Author to whom correspondence should be addressed.

change of temperature on its both sides [5]; (2) in
1982, Garey gave a numerical solution for a thin layer
subjected to a step change of temperature on one side
[6]; (3) in 1984, Ozisik gave an analytical solution
in a finite slab with insulated boundaries [7], in his
treatment, a volumetric energy source was used; (4)
in 19835, Frankel, using flux formulation of hyperbolic
heat conduction equation, gave an analytical solution
for a finite slab under boundary condition of rec-
tangular heat pulse [8]; (5) in 1985 and 1986, Glass
gave numerical solutions for a finite medium with
surface radiation [9] and temperature-dependent con-
ductivity [10], respectively and (6) in 1988, Gem-
barovic gave an analytical solution for a finite slab
under boundary condition of instantaneous heat pulse
and extended heat pulse [11]. Most previous works
were performed for a pulse heat flux or a sudden
temperature change. But for a periodic flux in a finite
medium, the work is seldom found in literature.

The present work investigates analytically the non-
Fourier effects in a finite medium subjected to a per-
iodic heat flux condition by using the hyperbolic heat
conduction model. The temperature profiles at the
front and rear surfaces are calculated for different 7,0,
the results are compared with those obtained from
Fourier parabolic heat conduction equation. The
‘transition condition’ between the ‘parabolic’ and
‘hyperbolic’ behavior of temperature response at both
of the surfaces are obtained. The non-Fourier effect
is discussed by comparing the phase and amplitude
between the front and rear surtaces.

ANALYSIS

Consider a slab as a finite medium with the thick-
ness of L with insulated boundaries in which one-
dimensional heat conduction and constant thermal
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NOMENCLATURE
A amplitude of periodic temperature Ve  Vernotte number, \/(at,)/L
response X dimensionless spatial variable, x/L
thermal diffusivity X spatial variable.
¢ specific heat capacity
Fo  Fourier number, at/L?
Fo, Fourier number based on frequency of Greek symbols
heating flux, a/wl? Q@ phase of periodic temperature
L thickness of medium response
L[] Laplace transformation A¢  phase difference, (¢r— @r)/2nF0,
L~'[] inverse Laplace transformation A thermal conductivity
q heat flux P mass density
q Laplace transformation of ¢ o relaxation time
Re[] residue ® frequency of periodic heating
s Laplace variable flux.
T temperature
T Laplace transformation of T
t time Subscripts
vV dimensionless temperature defined by F front surface
equation (16) R rear surface.

properties prevail. The medium is initially in equi-
librium at temperature T(x, 0) = 0, from time ¢ = 0
the external surface at x = 0 is exposed to a periodic
heat flux with the amplitude ¢, and the frequency w.
In this situation, the general non-Fourier heat con-
duction, equation (2), should be in one-dimensional
form
T oT T

aax2 =5—+ az . (3)

The boundary and the initial conditions are
iiTO = £0t+ 0,1 0,)) = t
- ox (st)_r()atq(!) Q(,), Q(a)—qocosw
(4a)

i
2L =0 (4b)

0
T(x,0) =0, T T(x,00=0, ¢g(x,00=0. (5
If the Laplace transformation is applied to equation
(3) by taking into account the initial conditions (5),
the following subsidiary equation is obtained as

aT"—(s—1,5)T=10 6)
with the conditions
O 105 = — (1 +109)a(s) and 2 TLs) = 0
Ox A ox
@]

where T(x, 5) = L[T(x, ?)] and §(s) = (1/9,)L{q(0, 9]

are the Laplace transform of 7T(x, f) and ¢(0, 1),
respectively.

The solution of equation (6) with respect to the
condition of equation (7) is

(14 1¢8)/acoshr(x—L)
JssinhrL

T(xs) = o 4(s)
(8
where r = /(s +195%)/a, p is the density, ¢ is the spec-

ific heat capacity. For convenience in subsequent deri-
vation, the following functions are introduced as

(1+7os)/acoshr(x—L)

L _
Fi(s) = \/SSinhrL Fy(s) = q(s)
and F(s) = Fi(s)F2(s)  (9)
and
fG,0) = L7'[F@)] filx,0) = L7 [Fy(9)]
fo(x,0) = L™ [Fy(s)). (10)

Then the inverse transformation of equation (8) can
be expressed as

T(x,t) = L' [T(x,5)] = *L Fs)] = 7"Lf(x,t).
an

Equations (9) and (10) along with the property of
Laplace transform give
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S0 =fi(x, 0o (x,0) = Jlfl OV (xt =) dr

(12
where f,(x,?) is derived in the Appendix and f5(x,?) is

determined by equations (9) and (10), the results are
given as follows:

fikxp =
10 on (120 e

1— '
— ﬁe"z?;(”ﬁ):l, when § = real

B
) ; (13)
i amx\ _ ¢ 1
142 :ZN (L )e zio[cosﬁ
i + %sinéi‘_—j when f = §,i
fiw) = 101 = L2 —cosr  (14)

0

where f is defined by equation (A6) in the Appendix,
N is a point at which § changes from a real number
to a complex number with increasing the value of ».
Substituting equaticns (13) and (14) into equation
(12) yields the following,

T

P
+ 2: O *Ea(1~ﬂ

n=1

— %e‘?‘“ ”)}} cosw(t—r)dr,
when f =real (15a)
X v Bt
f(x,t)=j{l+2 > cos( 7 )e z:ulicos21
+ — s1n£1—]}c0s o(i—r)dr,
B 2m
when § = f,i.  (15b)

By a straightforward series of manipulations of inte-
gration, the non-Fourier temperature wave inside the
finite medium should be obtained. By introducing the
following dimensionless quantities

T(X Fo) at
V(X, Fo) = 0=—
( ) go/pcL L?
arty X
= Ve =— X=-— 16
Fou wl? ¢ L? L (16)

where Fo is Fourier number, Ve is Vernotte number
which is the relaxation Fourier number and
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1/Ve =(L/a)\/(a/t,) denotes the dimensionless speed
of propagation of temperature wave, and X is the
dimensionless coordinate, the temperature profile
inside the finite medium is obtained as

. Fo X
V(X, Fo) = sin— + Y cos (nnX)
n=1

F0|
(1+ﬁ)/ﬁ Fo . . n
I {_co +smF o —{_e -,
_(1-pB Fo , . m
2 {.¢ osF +s 1nFl—§+e Fo,
when f = real (17a)
and
Fe 2Ve? =
V(X, Fo)—s1n~g+ ¢ Z cos (nnX)
Fo,  Fo, ,
reosfo 1, Fo
Fo, B Fo, _ o . ¢ Fo
I+e 352 | £, sin
1+&2 2Ve?
—cosé+F0
2Ve?
cosF0+ S: Fo
=% L gine2
Fo, B Fo l+e Ty | ¢ smé Fo
14&2 2Ve?
é_Fo>
—Ccos——
J 2Ve?
X
smﬂﬂ— ! co Fo
Fol ﬁ[ FO[ é+F0
¢, —e” mz sin
1+&4 2Ve?
£ Fo
+ ¢, cos
e 2Ve?
oo L Fo
""Fo, B Fo, PR
- _— = sin
1482 2 2Ve?
L £ Fo
+¢_cos
¢ 2Ve2>}
when = f,i (17b)
where
(. =(1+p) =g+ 18
LD G=fit e (9

For checking the reasonability of the solution, we
consider a limit situation of above solution, 7, — 0,
i.e. Ve — 0, the non-Fourier solution should go back
to the Fourier solution. Under this condition, we have



1588
(. =0-/1 —(2nnVe)2);f’2
e
= (1 - 222 Ve 2R Ve OV !
2Ve?
= n’n’Fo, (19a)
and
(1+p/=2, (1-P/B=0. (19b)

Substituting equation (19) into equation (17) yields

VX, Fo) = sin 2
,Fo —smFOl
2“ cos (nnX) (

Fo
— n’n’Fo, cos——
o1 (Pm?Fo)? +1 F

0

F 22
ﬁ—sinfg —n*n?Fo, e ™" F"). (20)

0,

This equation coincides with the Fourier solution
which can be easily derived by using a Laplace trans-
formation technique. At first view equation (20) seems
to be unable to satisfy the Fourier form of the bound-
ary condition (4a), while actually it is able to in the
sense of generalized function [12].

CALCULATED RESULTS AND DISCUSSION

Utilizing equation (17), numerical computation was
performed in order to display the temperature profile
arising from a periodic surface heat source at x =0
on an infinite slab with the thickness L.

Figure 1 shows the temperature response during
an oscillatory surface thermal disturbance with the
period Fo, = 0.25 at the front and rear surfaces (X = 0
and 1) and for Ve = 0.8. This figure gives a general
transient temperature behavior of non-Fourier heat
conduction in the slab under periodic surface heating.
The series of ‘jump points’ at both of the curves are
the reaching moment of the propagating wavefront of
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Fig. 1. Comparison of temperature responses of front and
rear surface with a given value Fo, = 0.25.
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the temperature wave. It can be seen that the
wavefront positions are located at Fo = Ve, 3Ve,
S5Ve,... for the rear surface and Fo =2Ve, 4Ve,
6Ve,. .. for the front surface. Because the thickness of
the slab is 1.0 and the wave propagation speed is 1/ Ve,
the propagation takes time Ve from one side of the
slab to the other, therefore, the ‘jump points’ denote
the moment at which the thermal wavefront reaches
the front or rear surface after propagation through
the medium and many times of reflection at the two
surfaces. The figure shows the propagation, the ‘jump
point’ gets lower and lower relatively then disappears,
and the temperature response becomes a smooth per-
iodic wave.

Figures 2(a) and (b) show the temperature response
at both the surfaces respectively after a periodic sur-
face heat flux for the period Fo, = 0.25 with various
values of Ve*/Fo, = 1,w. In both of the figures, the
condition Ve =0.07, 0.1, 0.2, 0.3 corresponds to
0w = Ve’/Fo, = 0.02, 0.04, 0.16, 0.41. The tem-
perature solutions predicted by the Fourier heat con-
duction equation are also prepared based on equation
(20) in order to compare with those from non-Fourier
conduction equation. By this way, the transition
between ‘hyperbolic’ and ‘parabolic’ can be displayed
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Fig. 2. (a) Effect of tow on the temperature response at the

front surface with a given value Fo, = 0.25. (b) Effect of 1,0

on the temperature response at the rear surface with a given
value Fo, = 0.25.
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clearly. The comparison shows that, at both of the
surfaces when Ve < 0.07, i.e. 1o < 0.02, the differ-
ence between the results from the hyperbolic and the
parabolic equation is below 1%, i.e. the temperature
responses predicted by Fourier and Non-Fourier are
almost the same as each other. In other words, the
inequality 7o > 0.02 represents the condition of the
occurrence of difference in temperature response
between the Fourier and the non-Fourier solution.

For periodic thermal disturbance, it is necessary
to give a discussion about the phase and amplitude
difference between the front and rear surfaces of the
periodic temperature response. Actually this dis-
cussion is significant only for small value of Vernotte
number, because increasing Ve makes the temperature
response deviate from a normal periodic curve (see
Fig. 1). Tt is not easy to give a simple analytical
expression of the phase and amplitude difference, so
the numerical calculation is performed by means of
the temperature response [equation (17)]. Figure 3
shows the phase difference between the front and the
rear surface vs Vernotte number for a given period
Fo, =0.25, in which the Fourier result is also
presented. The vertical coordinate is A¢ = (@r— @r)/
2nFo,, where (@g--¢@g) is determined by the time
difference of the first minimum point (peak) in tem-
perature response between the front and rear sur-
faces. It can be sesn that, when Ve — 0, the phase
difference of non-Fourier approaches that of the
Fourier. With increasing of the Vernotte number,
i.e. with enhance of the non-Fourier effect, the phase
difference increases. For the same periodic heat flux
the Fourier heat conduction predicts a minimum limit
of the phase difference. This because non-Fourier law
predicts a relative low speed of thermal disturbance
propagation.

Figure 4 shows the amplitude damping after propa-
gation through the medium as a function of Vernotte
number for a given value Fo, = 0.25, in which the
Fourier results are also present. Here an amplitude
damping is defined by (4r— Ag), where 4 and Ay are
the amplitude of the first minimum point of the front
and rear surface, respectively. The figure illustrates
that, under the condition Ve — 0, the amplitude
damping of the non-Fourier form approaches that of
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Fig. 3. Phase differencz between the front and the rear surface
as a function of Vernotte number.
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Fig. 4. Amplitude difference between the front and the rear

surface as a function of Vernotte number.

the Fourier form, with increasing of Vernotte number,
amplitude damping decreases relatively. For the same
periodic heat flux the Fourier heat conduction predicts
a maximum damping of amplitude. This means that
when a periodic heat flux propagates through a med-
ium in a non-Fourier form, the amplitude will have a
relative small damping. The stronger the non-Fourier
effect is, the smaller the damping in amplitude is.

Acknowledgements—The authors gratefully acknowledge
helpful discussion with Dr. S. Shimizu and Professor N.
Noda of our university.

REFERENCES

1. B. R. Appleton and G. K. Cellar (Eds), Laser and Elec-
tron—Beam Interactions with Solids. Elsevier Science,
New York (1982).

2. W. H. Sutton, M. H. Brooks and I. J. Chabinsky (Eds),
Proceedings of Symposium on Microwave Processing of
Materials, Vol. 124. MRS, Pittsburgh, PA (1988).

3. C. Cattaneo, Sur une forme de I’equation de la chaleur
elinant le paradoxe d’une propagation instantance, C.R.
Acad. Sci. 247, 431432 (1958).

4. P. Vernotte, Les paradoxes de la theorie continue de
I’equation de la chaleur, C.R. Acad. Sci. 246, 3154-3155
(1958).

S. V. Taitel, On the parabolic, hyperbolic and discrete for-
mulation of the heat conduction equation, Int. J. Heat
Mass Transfer 15, 369-371 (1972).

6. G. F. Carey and M. Tsai, Hyperbolic heat transfer with
reflection, Numer. Heat Transfer 5, 309-327 (1982).

7. M. N. Ozisik and B. Vick, Propagation and reflection of
thermal waves in a finite medium, Int. J. Heat Mass
Transfer 27, 1845-1854 (1984).

8. J.1. Frankel, B. Vick and M. N. Ozisik, Flux formulation
of hyperbolic heat conduction, J. Appl. Phys. 58, 3340
3345 (1985).

9. D. E. Glass, M. N. Ozisik and B. Vick, Hyperbolic heat
conduction with surface radiation, Int. J. Heat Mass
Transfer 28, 1823-1830 (1985).

10. D. E. Glass, M. N. Ozisik, D. S. McRae and B. Vick,
Hyperbolic heat conduction with temperature—depen-
dent thermal conductivity, J. Appl. Phys. 59, 1861-1865
(1986).

11. J. Gembarovic and V. Majernik, Non-Fourier propa-
gation of heat pulse in finite medium, Int. J. Heat Mass
Transfer 31, 1073-1081 (1988).

12. M. J. Lighthill, An Introduction to Fourier Analysis and
Generalized Functions, p. 69. Cambridge University
Press, Cambridge (1980).



1590

APPENDIX
Equation (9) can be expressed as

Fils) = @ _ coshr(x—L)

B(s) s

L/(1+14s)/a

1 [s4108° o 1 fs41,8°Y il
1+2!< 2 (x—L) +4! - (x—L)*+
s+ls 2y2 1+ros 1 oL l+‘cos "

3! a 5' a

According to the definition of the inverse Laplace trans-
formation and the residue theorem, the original function of
F(s) can be expressed as

sinhrL

(AD)

,A(s)

Bo®

1 a+ i
filxty = L7'[Fi ()] =%J . e

; (%e" 5 ) (A2)

where s,,...,s, are all of the poles of Fi(s), Re[] is the
notation of residue.
Letting B(s) = 0, we can obtain all of the poles as follow-

ing,

5; =0 (A3)
——({1+8) when f = real

s, =< (A4)
(1481 whenf=p,i
—=—{1+p) when f = real

Sy =< (AS5)
(1+p,)) when = B,i

where
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B = JAn niroa/L* -1
n=12,...

f= \ﬁ—4n2nzroa/L2
(A6)
Since all of the poles are of the first order, the residue can be
calculated as follows.

(1) For s,
Re[e¥F\(s),5,] = B,((S‘)) sit= 1, (A7)
(2) For s,
Re[eF\(s),5,] = %eﬁ'
1-8 nnx
- Tcos( 2 )exp[— —(1 +,B)]
when f = real
= (A8)
Xy _t B i Bit
cos( )e 7, [cos— + ﬂn 210}
when f = f,1.
(3) For s,
A(sy) .
Re[e"F (s), 1] = *B,((Ss e
M
%ﬁcos (%)exp[— i(l —ﬂ):|
when f§ = real
=4 (A9)
nmx B 1 . Bt
cos( I >e I, |:cos—— + E 2r0i|
L when f§ = B,1.

From equation (A2) and equations (A7)-(A9), the inverse
transformation of f;(s) is obtained as follows,

£1(51) = Re[eF, (s),5,]+ . {Re[e"F,(s), 5]

+Re[e"F,(s), si]}

and the result is given by equation (13).

(A10)



